We prove that if R is a domain with many units, then the natural inclusion E 2 (R) ! E 2 (R t]) induces an isomorphism in integral homology. This is a consequence of the existence of an amalgamated free product decomposition of E 2 (R t]). We also use this decomposition to study the homology of E 2 (Z t]) and show that a great deal of the homology of E 2 (Z t]) maps nontrivially into the homology of SL 2 (Z t]). As a consequence, we show that the latter is not nitely generated in all positive degrees.
Introduction
The fundamental theorem of algebraic K-theory asserts that if A is a regular ring, then there is a natural isomorphism K i (A t]) = K i (A) for all i 0. More generally, a presheaf F on the category of schemes over a base S is homotopy invariant if F(X A 1 ) = F(X) for all schemes X. The utility of homotopy invariant presheaves is well-documented (see e.g., 10{12]).
The existence of homotopy invariance in K-theory suggests that one search for unstable analogues. In a previous work 4], the author showed that such a statement is true for in nite elds k: the natural map G(k) ! G(k t])
induces an isomorphism in integral homology for G = SL n ; GL n ; PGL n . Since homotopy invariance in K-theory holds for all regular rings, one might hope that the above isomorphism holds for rings other than in nite elds.
For a ring A, denote by E n (A) the subgroup of GL n (A) generated by the elementary matrices. In many cases, the group E n (A) coincides with SL n (A) (e.g., A local or Euclidean), but this need not always be so. In this paper, we study the homology of the group E 2 (R t]). Our rst result is the following.
Theorem A If R is an integral domain with many units, then the inclusion E 2 (R) ! E 2 (R t]) induces an isomorphism H (E 2 (R); Z) = ?! H (E 2 (R t]); Z):
The de nition of a ring with many units will be recalled below. The principal example of such a ring is a local ring with in nite residue eld (or an algebra over such a ring).
Let k be an in nite eld and denote by Sch=k the category of smooth a ne schemes over k. In this setting, Theorem A admits the following geometric interpretation.
Corollary The presheaves H i = H i (E 2 (?); Z) are homotopy invariant on Sch=k. One would hope that a similar statement holds for H i (E n (?); Z) for n > 2, but so far we have been unable to prove it. What is clear, as the following example of Weibel 13] shows, is that if Theorem A is to admit a generalization to the case n > 2, then the hypotheses on the ring R will have to be strengthened.
Example Consider the local ring of the node at the singularity|R = (k x; y]= (y   2   ?   x   3   ? x   2 )) (x;y) . This is a one-dimensional noetherian local domain, and, if k is in nite, is a ring with many units. However, if we had H (E n (R); Z) = H (E n (R t]); Z) for all n, then in particular we would have H 2 (E(R); Z) = H 2 (E(R t]); Z); i.e., K 2 (R) = K 2 (R t]). But in 13] it is shown that K 2 (R) 6 = K 2 (R t]).
Thus, it seems that one must assume that R is at least regular, and it is not at all clear how to use this property.
There is another reason to study the presheaves H i = H i (E n (?); Z). If The paper is organized as follows. In Section 2 we deduce the amalgamated free product decomposition for E 2 (R t]). In Section 3 we prove Theorem A. In Section 4 we discuss the homology of E 2 (Z t]). In Section 5 we study the homology of SL 2 (F p t]). Section 6 contains the proof of Theorem B. Finally, Section 7 deals with other homology classes in H (SL 2 (Z t]); Z).
Notation If A is a ring (always assumed commutative with unit), then A denotes the multiplicative group of units. If G is an abelian group, then nG denotes the subgroup of G annihilated by n. If no coe cient module is specied, homology groups are to be interpreted as integral homology.
The Structure of E (R t])
Recall the following theorem of Nagao 6] . Let k be a eld. Then we have an amalgamated free product decomposition
where for a ring A, B(A) denotes the subgroup of upper triangular matrices. We will make use of the following result of Serre ( 8] 
